Varieties of BL-algebras I: general properties  by Agliano, P & Montagna, F
Journal of Pure and Applied Algebra 181 (2003) 105–129
www.elsevier.com/locate/jpaa
Varieties of BL-algebras I: general properties
P. Agliano∗ , F. Montagna
Dipartimento di Matematica, Via del Capitano 15, Siena, 53100, Italy
Received 2 May 2001; received in revised form 16 October 2002
Communicated by G. Rosolini
Abstract
The aim of this paper is to lay down some facts and techniques that are useful in order
to describe the lattice of subvarieties of BL-algebras. The results include: a representation of
linearly ordered BL-algebras as ordinal sums of linearly ordered Wajsberg hoops; a description
of subalgebras and homomorphic images of totally ordered BL-algebras in terms of ordinal sums;
a characterization of generic BL-algebras, i.e. the totally ordered BL-algebras that generate the
whole variety; a full description of the subdirectly irreducible members of the variety generated
by ordinal sums of 9nitely many Wajsberg hoops.
c© 2003 Elsevier Science B.V. All rights reserved.
MSC: Primary: 08A99; secondary: 08B15
1. Introduction
BL-algebras have been introduced by H=ajek in [18] in order to investigate many-
valued logic by algebraic means. H=ajek’s motivations for introducing BL-algebras were
of two kinds. The 9rst one was to provide an algebraic counterpart of a logic, called
Basic Logic, which embodies a fragment common to the most important many-valued
logics, namely  Lukasiewicz Logic, GCodel Logic and Product Logic. The second one
was to provide an algebraic mean for the study of continuous t-norms on [0; 1]. Indeed
H=ajek formulated a conjecture whose algebraic version is the following: the variety of
BL-algebras is generated by the class of algebras of the form 〈[0; 1]; ?;→; 0; 1〉, where
? is a continuous t-norm on [0; 1] and → is its residuum. This conjecture was proved
in [11]; see also [1] for a shorter and more algebraic proof.
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BL-algebras also have a purely algebraic root, namely the theory of residuated
monoids and of hoops in particular. A hoop is a commutative, residuated, integral,
partially ordered monoid 〈A; ·;→; 1〉 in which the equation x · (x → y) = y · (y → x)
holds. Hoops have been introduced by BCuchi and Owens in [8]. Typical examples of
hoops arise from classical algebra. For instance the positive cone of a lattice-ordered
abelian group, and the set of two-sided ideals of a ring can be given a natural hoop
structure. However, hoops have also a logical interest, in that they constitute the
algebraic counterpart of fragments without negation and falsum of some nonclassical
logics.
As observed in [1], BL-algebras are precisely the bounded basic hoops, i.e. the
bounded hoops that are isomorphic with subdirect products of totally ordered hoops.
Thus, the general algebraic theory of hoops applies to BL-algebras as well. In partic-
ular, the theorem on the decomposition of subdirectly irreducible hoops as an ordinal
sum of a hoop and a nontrivial subdirectly irreducible Wajsberg hoop [14,4] naturally
extends to BL-algebras. This result suggests that the fundamental structures in the study
of BL-algebras are Wajsberg hoops and the fundamental operation is the ordinal sum.
This intuition led to the 9rst result of this paper, namely: every totally ordered (hence
a fortiori every subdirectly irreducible) BL-algebra is an ordinal sum of a family of
Wajsberg hoops.
Starting from this result we tackle the main problem of this paper, namely the
investigation of subvarieties of the variety of BL-algebras. The lattice of subvari-
eties of GCodel algebras, Wajsberg algebras and product algebras are countable and
(relatively) simple to describe [21,13,24,20] and the lattice of subvarieties of the
corresponding varieties of hoops are slightly more complicated but still manageable
[1,2]. Contrariwise the lattice of subvarieties of BL-algebras seems extremely dif-
9cult to describe. For example (Theorem 4.12) there are continuum many subva-
rieties that are generated by the ordinal sum of two totally ordered Wajsberg
algebras.
In this paper, we introduce some techniques and at the same time we collect a
number of interesting general facts which should be useful for the general project. We
shall start from the varieties generated by totally ordered BL-algebras, a very natural
choice, since every subdirectly irreducible BL-algebra is totally ordered. Our results
include:
• A description of subalgebras and homomorphic images of totally ordered BL-algebras
in terms of ordinal sums.
• A characterization, again in terms of ordinal sums, of the totally ordered BL-algebras
which generate the whole variety of BL-algebras.
• Given arbitrary varieties V1; : : : ;Vn of Wajsberg hoops and a variety V0 of Wa-
jsberg algebras, we give an axiomatization of the variety generated by all algebras
A0 ⊕ · · · ⊕ An, where Ai is a totally ordered member of Vi, i = 0; : : : ; n.
• A full description of the subdirectly irreducible members of the varieties generated
by ordinal sums of 9nitely many Wajsberg hoops.
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2. Main denitions
A hoop is an algebra A= 〈A;→; ·; 1〉 such that 〈A; ·; 1〉 is a commutative monoid and
for all x; y; z ∈A:
1. x → x = 1.
2. x · (x → y) = y · (y → x).
3. x → (y → z) = (x · y) → z.
As usual we shall omit the symbol · when there is no danger of confusion. In the
following proposition we collect some properties of hoops; for the proofs we refer the
reader to [5] or [4].
Proposition 2.1. Let A = 〈A;→; ·; 1〉 be a hoop. Then:
1. 〈A; ·; 1〉 is a naturally ordered residuated commutative monoid, where the order
is de5ned by a6 b if and only if a→ b = 1 and the residuation is
ab6 c if and only if a6 b→ c:
2. The partial order on any hoop is a semilattice order, where a ∧ b = a(a→ b).
3. For any a; b; c∈A the following hold:
(a) 1 → a = a.
(b) a→ 1 = 1, i.e. 1 is the largest element in the order.
(c) a→ b6 (c→ a) → (c→ b).
(d) a6 b→ a.
(e) a6 (a→ b) → b.
(f) a→ (b→ c) = b→ (a→ c).
(g) a→ b6 (b→ c) → (a→ c).
(h) a6 b implies b→ c6 a→ c and c→ a6 c→ b.
Bosbach [7] showed that the variety of hoops is congruence distributive and con-
gruence permutable; it is also clearly congruence regular at 1, with witness term
(x → y) ∧ (y → x). Hence, the variety of hoops is ideal determined in the sense of
[17] and the entire abstract theory of ideals (see for instance [26]) can be (and it has
been) applied to it. In particular there is a lattice isomorphism between the congruence
lattice of a hoop and its ideal lattice. In this case ideals coincide with 1-blocks of
congruences, that coincide with 9lters in the sense of [7]. A lter of a hoop A is a
subset F containing 1 and closed under modus ponens: if a; a → b∈F , then b∈F .
It is easy to see that hoop 9lters coincide with semilattice 9lters that are closed un-
der multiplication (so a 9lter of a hoop is a subhoop). The set of 9lters of a hoop
A, ordered by inclusion is an algebraic lattice isomorphic with the lattice Con(A) of
congruences of A [7].
A Wajsberg hoop is a hoop satisfying the equation
(x → y) → y = (y → x) → x:
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A bounded hoop is an algebra A = 〈A;→; ·; 0; 1〉 such that 〈A;→; ·; 1〉 is a hoop and
06 a for all a∈A; a Wajsberg algebra is a bounded Wajsberg hoop. The variety
of Wajsberg algebras is denoted by WA. Wajsberg algebras turn out to be termwise
equivalent to MV-algebras, as introduced by Chang [10]. We recall that an MV-algebra
is an algebra 〈A;⊕;@; 0〉 such that 〈A;⊕; 0〉 is an abelian monoid and moreover for
any a; b∈A
@@ a = a
a⊕@ 0 =@ 0
@(@ a⊕ b) ⊕ b =@ (@ b⊕ a) ⊕ a:
Given this fact we feel free to use all the known results for MV-algebras; in particular
for any abelian lattice-ordered abelian group (‘-group) G with strong unit u there
is a standard way to construct an MV-algebra (G; u) (hence a Wajsberg algebra)
from it [23]: the domain of (G; u) is the set X (G; u) = {x∈G: 06 x6 u}, and for
x; y∈X (G; u), x ⊕ y = (x + y) ∧ u, and @ x = u− x (hence xy = (x + y − u) ∨ 0, and
x → y = (u − x + y) ∧ u). Moreover, every MV-algebra can be obtained in this way
starting from an ‘-group G and a strong unit u of G, and there is an equivalence of
categories between MV-algebras and ‘-groups with strong unit (cf. [23]).
For n; k¿ 1 we de9ne
Wan = (Z; n);
Wa∞n = (Z ◦ Z; (n; 0));
Cn;k = (Z ◦ Z; (n; k));
where Z has the natural order and Z ◦ Z is the product of two copies of Z ordered
lexicographically. With a slight abuse of language we shall use the same symbol to
denote the reducts of the above Wajsberg algebras to Wajsberg hoops.
A hoop is cancellative if the underlying monoid is cancellative. It turns out that
cancellative hoops form a variety, axiomatized (relative to hoops) by the single equation
x=y → xy [4]. It is a nontrivial fact that any cancellative hoop is a Wajsberg hoop and
that cancellative hoops coincide with unbounded Wajsberg hoops [14]. The cancellative
hoop (dually) isomorphic with the positive cone of Z is denoted by C!.
A basic hoop is a subdirect product of totally ordered hoops; basic hoops form a
variety [1] axiomatized, relative to hoops, by the single equation
(x → y) → z6 ((y → x) → z) → z:
A BL-algebra is a bounded basic hoop. A Product algebra is a BL-algebra satisfying
the equations x ∧@ x = 0 and @@ x6 (yx → zx) → (y → z). A G"odel algebra is a
BL-algebra satisfying the equation xx = x
The varieties of BL-algebras, of Product algebras, of GCodel algebras, of basic hoops
and of cancellative hoops are denoted by BL, by PA, by G, by BH and by CH,
respectively.
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In the sequel, given a class K of algebras of the same type, H(K), I (K), S(K),
P(K), Pu(K) denote the classes of homomorphic images, of isomorphic images, of
subalgebras, of direct products, and of ultraproducts of algebras from K, respectively.
Moreover, V(K) denotes the variety generated by K.
3. Ordinal sums
The ordinal sums of two hoops has been introduced in [14] and it is a very eKective
tool for studying various properties of hoops (see [14,3,4,6,1]). Here we introduce a
generalized version of this concept.
Let 〈I;6〉 be a totally ordered set. For all i∈ I let Ai be a hoop such that for i = j,
Ai ∩ Aj = {1}. Then
⊕
i∈I Ai (the ordinal sum of the family (Ai)i∈I ) is the structure
whose base set is
⋃
i∈I Ai and the operations are
x → y =


x →Ai y if x; y∈Ai;
y if x∈Ai and y∈Aj with i¿ j;
1 if x∈Ai \ {1} and y∈Aj with i¡ j:
x · y =


x ·Ai y if x; y∈Ai;
y if x∈Ai and y∈Aj \ {1} with i¿ j;
x if x∈Ai \ {1} and y∈Aj with i¡ j:
If in addition I has a minimum 0 and A0 is a bounded hoop, then
⊕
i∈I Ai denotes
the bounded hoop whose operations → and · are de9ned as before, and whose bottom
element is the minimum of A0. Note that
⊕
i∈I Ai needs not be a BL-algebra in
general, not even if the Ai are basic hoops and A0 is a BL-algebra. However, this is
the case if in addition every Ai is linearly ordered.
The subalgebras of the ordinal sum of a family of hoops are easily characterized.
Proposition 3.1. Let (Ai)i∈I be a family of hoops. Then the subhoops of
⊕
i∈I Ai are
exactly the hoops of the form
⊕
i∈I Bi, where Bi is a (possibly trivial) subhoop of
Ai. Moreover, if
⊕
i∈I Ai is a bounded hoop (and so I has a minimum and A0 is
bounded), then the basic subalgebras of
⊕
i∈I Ai are exactly the subalgebras of the
form
⊕
i∈I Bi, where B0 is a bounded hoop which is a subalgebra of A0 and Bi is a
subhoop of Ai.
It is easy to see that the ordinal sum of 9nitely many hoops is associative; hence
we feel free to write A0 ⊕ · · · ⊕An without parentheses. In this case, something more
can be said.
Proposition 3.2. Let A0; : : : ;An be hoops. Then the set of homomorphic images of
A0 ⊕ · · · ⊕ An is
H(A0) ∪ {A0 ⊕ B :B∈H(A1)} ∪ · · · ∪ {A0 ⊕ · · · ⊕ An−1 ⊕ B :B∈H(An)}:
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Proof. We shall sketch the proof for the ordinal sum of two hoops, since the general
form follows easily by induction. Let h a homomorphism of A ⊕ B and consider the
set Fh = {x : h(x) = 1}. Then Fh is a 9lter of A ⊕ B. Suppose 9rst that Fh ⊆ B;
then for a1; a2 ∈A, h(a1) = h(a2) if and only if h(a1 → a2) = h(a2 → a1) = 1. Thus
a1 → a2; a2 → a1 ∈Fh ⊆ B and, by the de9nition of ordinal sum, this is possible if and
only if a1 → a2 = a2 → a1 = 1. Thus a1 = a2 and h restricted to A is an isomorphism.
Now it is easily seen that h(A⊕B) ∼= A⊕h(B). Suppose now that Fh∩A\{1} = ∅ and
let a∈A, a = 1, such that h(a)=1. Then for all b∈B, a6 b and thus 1=h(a)6 h(b).
Hence B ⊆ Fh and clearly h(A ⊕ B) ∼= h|A(A).
Proposition 3.3 (cf. Blok and Pigozzi [6, Lemma 5.2]). Let A0j ; : : : ;A
n
j , j∈ J be
hoops. Then Pu({A0j ⊕· · ·⊕Anj : j∈ J}) consists of algebras of the form B0⊕· · ·⊕Bn,
where for m = 0; : : : ; n, Bm ∈ IPu({Amj : j∈ J}).
Proof. Let A=
∏
j∈J (A
0
j ⊕ · · ·⊕Anj ), let U be any ultra9lter on J and let AU =A=U .
Clearly AU ∈Pu({A0j ⊕· · ·⊕Anj : j∈ J}) and any member of Pu({A0j ⊕· · ·⊕Anj : j∈ J})
is of the form AU for some ultra9lter U on J . For b∈A, let bU be the class of b
modulo U . For m= 0; : : : ; n− 1, let X (b; m) = {j∈ J : bj ∈Amj \ {1}} and let X (b; n) =
{j∈ J : bj ∈Anj}. Since the X (b; m) form a partition of J there is exactly one mb such
that X (b; mb)∈U . Of course mb really depends on bU , in that if bU =cU , then mb=mc.
Now for m = 0; : : : ; n, let Ym = {bU : b∈A and mb = m}; it is easy to check that
Ym∪{1} is the universe of a subhoop Bm of AU . If we take bU ∈Ym and cU ∈Y h with
m¡h, then X (b; m)∩X (c; h)∈U and for j∈X (b; m)∩X (c; h) one has bmj cmj = cmj and
cmj → bmj =bmj . It follows that bUcU=bU and cU → bU=bU and hence AU=B0⊕· · ·⊕Bn.
It remains to show that Bm is isomorphic with (
∏
j∈J A
m
j )=U . If bU ∈Ym∪{1}, then
{j∈ J : bj ∈Amj }∈U . If c is de9ned by
cj =
{
bj if bj ∈Amj ;
1 otherwise;
then c∈∏j∈J Amj and cU = bU . Let now cmU be the equivalence class of c modulo U
in
∏
j∈J A
m
j =U ; one can easily verify that the map c
m
U → bU = cU is an isomorphism
from
∏
j∈J A
m
j =U to B
m, as desired.
Corollary 3.4. If A0; : : : ;An are basic hoops, then
Pu(A0 ⊕ · · · ⊕ An) ⊆ {B0 ⊕ · · · ⊕ Bn :Bi ∈Pu(Ai)}:
It is obvious that the conclusions of Proposition 3.3 and Corollary 3.4 hold in case
A0 is a bounded hoop or a BL-algebra.
A totally ordered hoop is sum irreducible if it cannot be written as the ordinal sum
of two (totally ordered) nontrivial hoops. The reader can check that no totally ordered
product algebra or GCodel algebra with more than two elements is sum irreducible. For
instance any linearly ordered GCodel algebra G is isomorphic with
⊕
g∈G\{1} 2g. On
the other hand any totally ordered Wajsberg hoop is sum irreducible. The fact that the
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converse holds as well is very relevant. We start from the following lemma, whose
proof is implicitly contained in [14] and is repeated here for the reader’s convenience.
Lemma 3.5. Let A be any linearly ordered basic hoop, and let m; a¡ 1 be such that
m → a = a. Let F = {x∈A \ {1}: m → x = x}, S = A \ F , and let U be the 5lter
generated by m. Then:
(i) F is downwards closed (i.e., if x∈F and y6 x then y∈F), and F ∪ {1} is the
domain of a subhoop F of A.
(ii) For a∈F and for u∈U , u→ a = a.
(iii) If a∈F and b∈ S, b→ a = ab = a.
(iv) S is the universe of a subhoop S of A.
Hence A = F⊕ S, and A is not sum irreducible.
Proof. (i). First note that for a∈F , am = a, because a = a ∧ m = m(m → a) = ma.
Now let b6 a∈F , and let us prove that b∈F . Clearly it is suMcient to prove that
(m→ b) → b = 1. To do this, 9rst note that m→ b6m→ a = a. It follows:
(m→ b) → b= (a ∧ (m→ b)) → b = (a(a→ (m→ b))) → b
= (a→ (m→ b)) → (a→ b) = ((m→ a) → (m→ b))→ (a→ b)
= ((m(m→ a)) → b) → (a→ b) = ((a ∧ m) → b) → (a→ b)
= (a→ b) → (a→ b) = 1:
This proves that F is downwards closed. It follows that F (hence F ∪{1}) is closed
under ·. Finally, F ∪ {1} is closed under →, because if a; b∈F ∪ {1} then
m→ (a→ b) = ma→ b = a→ b:
This concludes the proof of (i).
(ii) If u∈U , then there is n such that mn6 u. Now by induction on n we see that
for a∈F , mn → a = a. Hence u→ a = a.
(iii) Let a∈F and b∈A \ F . Then since b6 (b → a) → a and F is downwards
closed, (b→ a) → a ∈ F . Now
m→ ((b→ a) → a) = (b→ a) → (m→ a) = (b→ a) → a:
Thus either (b → a) → a∈F or (b → a) → a = 1. We have excluded the 9rst
possibility. Hence b→ a6 a, and b→ a = a. From this we also get
a = b ∧ a = b(b→ a) = ba:
(iv) Since F is downwards closed, S is upwards closed. So if b∈ S, then a → b∈ S,
as a→ b¿ b. This shows that S is closed under →. We prove that it is closed under
·. Suppose by contradiction a; b∈ S, and ab∈F . Then by (iii) b→ ab= ab∈F . Since
a6 b→ ab, we would conclude a∈F , a contradiction.
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Theorem 3.6. For a totally ordered basic hoop (BL-algebra) A the following are
equivalent:
1. A is sum irreducible;
2. for all a; b∈A, b→ a = a implies b = 1 or a = 1;
3. A is a Wajsberg hoop (algebra).
Proof. That 1. implies 2. follows from Lemma 3.5.
Now 2. implies 3. by Proposition 2.2 in [4]. Finally assume that A=F⊕C nontriv-
ially. Taking b∈F and c∈C with c = 1 we have
(b→ c) → c = 1 → c = c (c→ b) → b = b→ b = 1:
Hence A is not a Wajsberg hoop (algebra) and 3. implies 1.
Now we proceed to show that any totally ordered hoop (BL-algebra) is the ordinal
sum of sum irreducible hoops. Let 〈I;6〉 be a totally ordered set; a subset J ⊆ I is
connected if for all i; j∈ J and k ∈ I , i6 k6 j implies k ∈ J . A connected partition of
〈I;6〉 is a partition of I into connected subsets. A decomposition of a totally ordered
hoop A is a family D = {Ai : i∈ I} of linearly ordered hoops such that A =
⊕
i∈I Ai.
Let & be the collection of all decompositions of a totally ordered hoop.
We prove that & is a set. Clearly & is a de9nable class. Moreover, using the axiom
of choice we can assume without loss of generality that for every decomposition the
index set I is a subset of A (choose I ⊆ A such that 1 ∈ I and Ai ∩ I has cardinality
1 for every component Ai). It follows that every element of & is a function from a
subset I of A (the index set) into the powerset of A (because for every i∈ I the domain
Ai of Ai is a subset of A). Thus, & is a de9nable subclass of the class  of all partial
functions from A into the powerset of A. The axioms of set theory (in particular, the
powerset axiom and the axiom of comprehension) guarantee that  is a set, therefore,
again by the axiom of comprehension, & is in turn a set.
Now & can be partially ordered in the following way: if D = {Ai : i∈ I}, D′ =
{Bj : j∈ J}, then D′6D if there is a connected partition {Ij : j∈ J} of I such that for
all j; j′ ∈ J :
if j¡ j′, then for all k ∈ Ij, k ′ ∈ Ij′ one has k ¡k ′;
Bj =
⊕
i∈Ij Ai.
Theorem 3.7. Every totally ordered hoop (BL-algebra) is the ordinal sum of a family
of Wajsberg hoops (whose 5rst component is a Wajsberg algebra).
Proof. Let A be a totally ordered hoop and let 〈&;6〉 be the poset of its decompo-
sitions. Let C be a chain of decompositions in &; for any a∈A \ {1} and D∈C let
ADa be the unique component of D which contains a and let Aa =
⋂
D∈C A
Da . It is
clear that Aa ∪ {1} is the universe of a subalgebra Aa of A. Now for a; b∈A \ {1},
Aa = Ab if and only if a and b lie in the same component of all the decompositions
in C. Let by the axiom of choice I ⊆ A \ {1} be such that for every a∈A \ {1},
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I ∩ Aa contains exactly one element. Then A =
⊕
a∈I Aa and the decomposition such
obtained is greater than or equal to any element in the chain C. Thus we can apply
Zorn Lemma to the poset 〈&;6〉 and conclude that there is a maximal decomposition
of A. Each component of the decomposition must be sum irreducible and hence (by
Theorem 3.6) a totally ordered Wajsberg hoop (algebra).
In [19], H=ajek proved a result on the same line as Theorem 3.7. Let us point out in
what that result diKers from the one presented in this paper:
• H=ajek uses two more identities that have been shown to be redundant in [11].
• According to H=ajek’s de9nition of ordinal sum, all components Ai of an ordinal sum⊕
i∈I Ai must have a lowest element and a topmost element, that has to be smaller
than every element of any Aj with i¡ j. For this reason, H=ajek has to add such
elements when they are not already in A.
• Hence, and this is the main diKerence, according to H=ajek product algebras are
sum irreducible, whereas they are not such according to our de9nition. Thus, sum
irreducible algebras in the sense of H=ajek can be either product algebras or Wajsberg
algebras, whereas sum irreducible hoops in our sense can only be Wajsberg hoops.
We can now reformulate Mostert and Shields’ result [22] as follows. Let {1} ⊆ S ⊆
[0; 1] and let us say that ∗ is a t-norm on S if 〈S; ∗; 1〉 is an ordered commutative
monoid, with the usual linear order on [0; 1]. Let us also say that ∗ is a Wajsberg
t-norm if it has a residuation → such that the identity
(x → y) → y = (y → x) → x
holds. Then:
Theorem 3.8. Every continuous t-norm on [0; 1] is the ordinal sum of a family of
Wajsberg t-norms.
We can be more precise in determining what kind of Wajsberg hoops can appear
in the maximal decomposition of A. In fact a totally ordered Wajsberg hoop is ei-
ther bounded (i.e. termwise equivalent to a Wajsberg algebra) or cancellative. So any
totally ordered hoop is the ordinal sum of Wajsberg algebras and cancellative hoops.
Theorem 3.7 can be regarded as a generalization (for basic hoops and algebras) of the
Blok and Ferreirim’s result about subdirectly irreducible hoops [4]. In fact a subdi-
rectly irreducible basic hoop (algebra) A is totally ordered. In that case the maximal
decomposition
⊕
i∈I Ai of A is such that I has a maximum k in the order and Ak is
a subdirectly irreducible Wajsberg hoop.
4. Generic BL-algebras
A BL-algebra A is generic if V(A) =BL. Our plan is to characterize the generic
totally ordered BL-algebras. This investigation is motivated by the fact that, in case of
success, we are able to characterize those that are not generic and hopefully describe
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them by means of equations. Eventually this would lead to a characterization of all va-
rieties generated by a single totally ordered BL-algebra. As we shall see this enterprize
is only partly successful.
Let A=
⊕
i∈I Ai be a linearly ordered BL-algebra, where I has a minimum i0, every
Ai is a linearly ordered Wajsberg hoop and Ai0 is bounded. For all a; b∈A we shall
write ab if either a = 1 and b = 1 or a∈Ai \ {1} and b∈Aj \ {1} for some i¡ j.
We shall write a ∼ b if a b and b a, i.e. either a = b = 1 or there is a i∈ I
with a; b∈Ai \ {1}.
For any BL-algebra A and a; b∈A we de9ne a ⊕ b = (a → ab) → b; moreover na
is de9ned inductively by the following clauses:
0a = 0;
(n + 1)a = na⊕ a.
It is easy to see that, in case A is a Wajsberg algebra, ⊕ so de9ned coincides with the
 Lukasiewicz sum on A, it is associative, and na=a⊕· · ·⊕a, (n times). The following
lemma can be proved by straightforward computation, using the de9nition of ordinal
sum and some elementary properties of Wajsberg hoops.
Lemma 4.1. Let A, I , Ai, i0, etc. be as shown above. Then for all a; b∈A the fol-
lowing conditions hold:
1. (a→ b) → b = (b→ a) → a if and only if a; b∈Ai for some i∈ I ;
2. (a→ b) → b = 1 if and only if either b = 1 or ba;
3. if b a, then (a→ b) → b = a ∨ b;
4. if Ai is a bounded Wajsberg hoop and a; b∈Ai, then a⊕ b is the  Lukasiewicz sum
of a and b in Ai;
5. if ab, then a⊕ b = b;
6. if ba or a; b∈Ai and Ai is a cancellative hoop, then a⊕ b = 1;
7. a∈Ai0 if and only if a =@@a if and only if either a = 1 or @a = 0.
If we want to deal with ordinal sums of totally ordered Wajsberg hoops we must
have a way to deal with the cardinality of the set I over which the decomposition is
made. It is somewhat surprising that this can be dealt with via equations.
Lemma 4.2. Let A=
⊕
i∈I Ai be a totally ordered hoop, where every Ai is a linearly
ordered Wajsberg hoop, and consider for any n¿ 0 the equation
('n)
n−1∧
i=0
((xi+1 → xi) → xi)6
n∨
i=0
xi:
Then A |= 'n if an only if |I |6 n.
Proof. Suppose 9rst that |I |6 n. Then for any a0; : : : ; an ∈A, either ai = 1 for some
i6 n or else there is a k ¡n such that ak ak+1. In the 9rst case the right-hand side
of 'n is 1, hence the equation holds. In the second case (ak+1 → ak) → ak = ak ∨ ak+1
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and thus
n−1∧
i=0
((ai+1 → ai) → ai)6 ak ∨ ak+16
n∨
i=0
ai
and again 'n holds in A.
Conversely suppose that |I |¿n. Then we can pick a0; : : : ; an ∈A such that
a0a1 · · ·an1:
Hence
∧n−1
i=0 ((ai+1 → ai) → ai) = 1 and
∨n
i=0 ai = an = 1. Thus 'n does not hold in
A.
Corollary 4.3. Let A=
⊕
i∈I Ai be a linearly ordered BL-algebra, where every Ai is
a linearly ordered Wajsberg hoop. If A is generic, then I must be in5nite.
Proof. If A is a 9nite ordinal sum of n hoops, then it satis9es 'n and so does the
variety it generates. Hence A cannot be generic.
From now on we shall denote by Q the Wajsberg algebra of the rationals in [0; 1],
i.e. Q∩ [0; 1]. It is well known that such algebra is generic in the variety of Wajsberg
algebras.
Lemma 4.4. Let A be a totally ordered Wajsberg algebra. Then the following are
equivalent:
1. For all n∈N, Wan is embeddable in A.
2. For each n there is a (necessarily unique) an ∈A with (n − 1)an =@an.
3. Q is embeddable in A.
Proof. It is straightforward to verify that 1. implies 2. If 2. holds it is easily seen
that, for n¿ 0 and 06m6 n, the mapping m=n → man is an embedding of Q in
A. Finally it is immediate that any 9nite Wajsberg chain is embeddable in Q, so 3.
implies 1.
Remark 4.5. Elements a such that (n − 1)an =@an are the duals of cyclic elements
investigated in [25]. In fact, it follows from that paper that Lemma 4.4 is also valid
in absence of the assumption that A is linearly ordered.
Lemma 4.6. Consider for k ¿ 1 the identity
((k) ((y → x) → x)((k − 1)x ↔@ x)6 x ∨ y;
(where x ↔ y is an abbreviation for (x → y)(y → x)). Let A be a totally ordered
BL-algebra and let
⊕
i∈I Ai be its decomposition into sum irreducible hoops (so that
I has a minimum 0 and A0 is a Wajsberg algebra). If |I |¿ 1 then A |= (k if and
only if Wak is not embeddable in A0.
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Proof. Assume 9rst that Wak is not embeddable in A0. Let a; b∈A and set c = (k −
1)a ↔ @a. If either a = 1 or b = 1, then (k holds trivially for x = a and y = b,
since a ∨ b = 1. If ba or b ∼ a, again (k holds, since (b → a) → a = a ∨ b.
Assume then that ab1; then (b→ a) → a= 1 and a∨ b= b¡ 1, thus we have to
show that c6 b. If a ∈ A0, then @a = a → 0 = 0 by de9nition of ordinal sum, and
c = (k − 1)a↔@a =@(k − 1)a6@a = 06 b. If a∈A0, then since Wak does not
embed into A0, c∈A0 \ {1}. Moreover, since ab, b ∈ A0, and c¡b.
Conversely suppose that Wak is embeddable in A0. Let a∈A0 such that (k−1)a=@a
and let b ∈ A0 (such a b exists because |I |¿ 1); then (b→ a) → a=(k−1)a↔@a=1,
but a ∨ b = b = 1. Thus (k does not hold in A.
For any m; k ∈N with m¿ 2 and k¿ 1, consider the identity
()m;k−1)
k−1∧
j=0
((xj+1 → xj) → xj) · ((m − 1)xj ↔ (xj → x3j ))6
k∨
j=0
xj:
Lemma 4.7. Let A be a totally ordered BL-algebra, let
⊕
i∈I Ai be its decomposition
into sum irreducible hoops and let m¿ 2 be given. The following are equivalent:
1. There is a k ¿ 0 such that )m;k−1 holds in A.
2. The set {i∈ I :Wam can be embedded in Ai} is 5nite.
Proof. Assume 1. and suppose that {i∈ I :Wam can be embedded in Ai} is in9nite.
Then for any k ∈N we can 9nd i0 ¡i1 ¡ · · ·¡ik ∈ I such that Wam can be embedded
in Aij for j = 0; : : : ; k. If aj ∈Aij is the image of 1=m∈Wam in each embedding, then
(aj+1 → aj) → aj = 1 and (m− 1)aj ↔ (aj → a3j ) = 1 as well, since it is the image of
m− 1
m
↔
(
1
m
→
(
1
m
)3)
= 1:
Thus the left-hand side of )m;k−1 is 1, while the right-hand side is ak = 1. Hence
)m;k−1 does not hold in A for any k.
Conversely suppose that {i∈ I :Wam can be embedded in Ai} is 9nite. Let k =
|{i∈ I :Wam can be embedded in Ai}|+1 and let a0; : : : ; ak ∈A: we shall see that )m;k−1
holds at a0; : : : ; ak . As we have already observed we have only to worry about the case
where a0a1 · · ·ak1, since in any other case
∧k−1
j=0 (aj+1 → aj) → aj6
∨k
j=0 aj
and )m;k−1 holds trivially. Hence there are i0; : : : ; ik ∈ I , all distinct and such that
aij ∈Aij \ {1}. By our assumption there is a j¡k such that Wam cannot be em-
bedded into Aij (indeed there are k indexes less than k, more than the number k−1 of
components Ai such that Wam embeds into Ai). We shall show that (m−1)aj ↔ (aj →
a3j )¡ 1; in this case it will be certainly less than ak . Thus, the left-hand side of )m;k−1
will be less than ak , hence less than
∨k
j=0 aj. This will prove that )m;k−1 holds in A.
Assume 9rst that m=2. If Aij is cancellative then aj → a3j =a2j ¡aj, and (m−1)aj=
aj. Hence (m − 1)aj ↔ (aj → a3j )¡ 1. If Aij is a Wajsberg algebra and a3j is not the
minimum of Aij , then recalling that Aij is (G; u) for some lattice ordered abelian group
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G with strong unit u, and using the de9nitions of → and · in (G; u), by an easy com-
putation we see that aj → a3j=a2j . Since (m−1)aj=aj ¿a2j , (m−1)aj ↔ (aj → a3j )¡ 1.
If a3j is the minimum of Aij , then once again (m − 1)aj ↔ (aj → a3j )¡ 1, otherwise
aj would be equal to its complement in Aij , and Wa2 would be embeddable in Aij .
Next suppose m¿ 2. If a3j is not the minimum of Aij , then no matter as Aij is a
cancellative hoop or a Wajsberg algebra, (m−1)aj¿ 2aj=1 and moreover aj → a3j ¡ 1.
Thus again (m−1)aj ↔ (aj → a3j )¡ 1. If aj is the minimum of Aij , then (m−1)aj=aj
and aj → a3j = 1. Once more (m − 1)aj ↔ (aj → a3j )¡ 1. Finally suppose that aj is
not the minimum of Aij but a
3
j is the minimum. If (m − 1)aj ↔ (aj → a3j ) = 1, then,
with reference to the negation of Aij we would have that Aij |= (m − 1)aj ↔ @aj.
Using the same argument as in the proof of Lemma 4.4 we would have that Wam is
embeddable in Aij , contrary to the hypotheses. Thus (m − 1)aj ↔ (aj → a3j )¡ 1 and
the proof is 9nished.
Theorem 4.8. Let A =
⊕
i∈I Ai be a totally ordered BL-algebra, where I has a min-
imum 0, each Ai is a totally ordered Wajsberg hoop, and A0 is bounded. Then A is
generic if and only if:
1. the Wajsberg algebra Q can be embedded in A0;
2. for every n the set {i∈ I :Wan can be embedded in Ai} is in5nite.
Proof. The conditions are necessary because of Lemmas 4.6 and 4.7. For the suM-
ciency, by [1], it is certainly enough to show that any 9nite BL-algebra of the form
Wan0 ⊕ · · · ⊕Wank embeds into A. Since Q embeds into A0, then Wan0 embeds into
A0. If m = n1 · : : : · nk , then each Wanj , j = 1; : : : ; k, is a subalgebra of Wam. By
assumption there are in9nitely many i∈ I such that Wam embeds into Ai, thus it is
possible to 9nd 0¡i1 ¡ · · ·¡ik ∈ I such that Waj embeds into Aij for j = 1; : : : ; k.
Hence Wan0 ⊕ · · · ⊕Wank embeds into A and A is generic.
By modifying slightly the proofs we can show that:
Theorem 4.9. Let A =
⊕
i∈I Ai be a totally ordered basic hoop, where each Ai is a
totally ordered Wajsberg hoop. Then A is generic, i.e. V(A) = BH, if and only if
for every n the set {i∈ I :Wan can be embedded in Ai} is in5nite.
Theorem 4.8 has some surprising consequences. First it is possible for an in9nite
sum of Wajsberg hoops to be generic in BL even if only the lowest summand is
generic in WA. For instance the algebra Q ⊕⊕∞i=2 Wai clearly satis9es Theorem
4.8. More surprising is the fact that an in9nite sum of Wajsberg hoops might be not
generic in BL even if each of the summands is generic in WA. To see that we need
a well-known fact whose proof we reproduce for the reader’s sake.
Lemma 4.10. For every equation + in the language of Wajsberg algebras there is a
k ∈N such that, if WA |= +, then Wam |= + for m¿ k.
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Proof. We may assume without loss of generality that + has the form t(x1; : : : ; xn) = 0
where t(x1; : : : ; xn) is a term of WA. If WA |= +, then Q |= +, hence there are
a1; : : : ; an ∈Q with t(a1; : : : ; an) = 0. Since the interpretation of t in Q is a continuous
function, there t(x1; : : : ; xn) = 0 in an open neighborhood N of (a1; : : : ; an). Now any
Wam is isomorphic with the subalgebra of Q whose base set is {0; 1=m; 2=m; : : : ; m −
1=m}. Since the rationals are dense in themselves, it is possible to 9nd a k large enough
such that (Wam)n ∩ N = ∅ for all m¿ k. Then clearly Wam |= + for m¿ k.
Example 4.11. Let p be a prime and let Wp be the subalgebra of Q whose base set
is {m=n : n¿ 1; 06m6 n; p does not divide n}. Then Wp contains in9nitely many
of the Wan, hence by Lemma 4.10, it generates WA. However, for any index set I ,⊕
i∈I Wp does not satisfy Theorem 4.8 and hence it is not generic in BL.
From now on we will concentrate mainly on varieties of BL-algebras. Some of
the results that we are going to display hold for varieties of basic hoops with trivial
modi9cations, for some others the proofs have to be substantially modi9ed and some
simply do not hold at all. The main reason for this phenomenon is that a BL-algebra is
a bounded basic hoop and, while homomorphic images or direct products of bounded
hoops are still bounded, a subhoop of a bounded hoop is not necessarily bounded.
The lattice of varieties of Wajsberg algebras, of product algebras and of GCodel
algebras have a rather simple description (see [13,21,20,1]). On the other hand the
lattice of subvarieties of BL-algebras is somewhat complicate and has a very rich
structure: not only it has the cardinality of the continuum, but there are relatively small
subvarieties of it whose lattice of subvarieties has the cardinality of the continuum.
Theorem 4.12. Let Vn denote the variety axiomatized by 'n+1 (i.e. the variety gen-
erated by all ordinal sums of at most n+1 linearly ordered Wajsberg hoops, the 5rst
one bounded). Then:
• the lattice of subvarieties of Vn is countable if and only if n = 0;
• for every n¿ 0 there are uncountably many subvarieties of Vn+1 which are not
subvarieties of Vn.
In particular there are uncountably many subvarieties of BL-algebras.
Proof. Note that V0 is just the variety of Wajsberg algebras, whose lattice of subva-
rieties is countable and recursively presentable. For n¿ 0 and for any set X of primes
let VX;n be the variety axiomatized by 'n+1 and {)p;0 :p∈X }. It is clear that VX;n
is a subvariety of Vn. Let now WX be the subalgebra of Q whose universe is the
set {m=n :m; n∈N; n¿ 0; m6 n; p does not divide n, for any p∈X } and let for
m¿ 0, WX;m =WX ⊕ · · · ⊕WX , m+ 1 times. It is easily seen that WX;m ∈VY;n if and
only if m6 n and Y ⊆ X . Hence if X = Y , then VX;n =VY;n which shows that, for
n¿ 0, Vn+1 has uncountably many subvarieties of the form VX;n+1. Moreover, none
of these varieties can be a subvariety of Vn.
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5. Axiomatizations
A way of attacking the lattice of subvarieties of BL is 9nding (possibly 9nite)
equational bases for varieties. Clearly the simplest varieties of BL-algebras are those
generated by a single totally ordered BL-algebra. Unfortunately they are not all 9nitely
based (see Example 7.2 below), therefore, it makes sense to investigate conditions
under which a totally ordered BL-algebra generates a 9nitely based variety. This will
be carried out in this and the following sections.
We are interested in varieties of BL-algebras which are naturally associated to a
9nite ordinal sum of totally ordered Wajsberg hoops (algebras). For any variety V of
basic hoops (algebras), let Vt be the class of totally ordered members of V. If V;W
are varieties of basic hoops we de9ne
V⊕t W = V({A ⊕ B :A∈Vt ; B∈Wt}):
The operation ⊕t is clearly associative and thus we feel free to drop parentheses in case
of more than two summands. In this framework the variety Vn in the previous section
is just WA ⊕t WH ⊕t · · · ⊕t WH. As we have shown such variety is axiomatized
by 'n; we shall see that it is always possible to obtain a 9nite axiomatization for the
variety
V0 ⊕t V1 ⊕t · · · ⊕t Vn;
where V0 is a variety of Wajsberg algebras and V1; : : : ;Vn are varieties of Wajsberg
hoops.
It is well known that any variety of Wajsberg algebras or Wajsberg hoops is axiom-
atizable by a single identity involving exactly one variable (see [13,24,2]). Thus, Vi
is axiomatized by an equation of the form ti(x) = 1. For 1¡k6 n let SEQk be the set
of all sequences (s0; : : : ; sk) of positive integers such that 0 = s0 ¡s1 ¡ · · ·¡sk6 n.
For any k6 n and s∈ SEQk we consider the (distinct!) variables xs;0; : : : ; xs;k and we
de9ne the terms
uk =
∧
s∈SEQk
k−1∧
j=0
((xs; j+1 → xs; j) → xs; j);
vk =
∨
s∈SEQk

 k∨
j=0
xs; j ∨
k∧
j=0
tsj (xs; j)

 :
Finally let +0 be the equation t0(@@ x0) = 1 and let for k ¿ 0 +k be the equation
uk6 vk .
Theorem 5.1. Let V0 be a variety of Wajsberg algebras and let V1; : : : ;Vn be va-
rieties of Wajsberg hoops. Then V0 ⊕t V1 ⊕t · · · ⊕t Vn is axiomatized by 'n+1 and
+k for k = 0; : : : ; n.
Proof. Let B = B0 ⊕ · · · ⊕ Bn where Bi ∈Vti for i = 0; : : : ; n. By Lemma 4.2, B |= 'n.
Moreover for any a∈B, @@ a∈B0 and hence t0(@@ a) = 1, hence B |= +0. Let
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now as;0; : : : ; as;k ∈B for s∈ SEQk and 0¡k6 n. If for some s∈ SEQk and for some
j¡k, as;j as; j+1, then
uk 6 (as;j+1 → as;j) → as;j = as;j ∨ as;j+1
6
∨
s∈SEQk
k∨
j=0
as;j6 vk ;
hence B |= +k . The same happens if some as;j = 1, since in that case vk = 1. Thus we
may assume that for all s∈ SEQk
as;0as;1 · · ·as;k1:
Then for some sequence s′ ∈ SEQk we have as;j ∈Bs′j for j = 0; : : : ; k, and thus∧k
j=0 ts′j (as;j) = 1. This clearly forces vk = 1, so again B |= +k . Since V0 ⊕t V1 ⊕t
· · · ⊕t Vn is generated by such B’s, it satis9es 'n and +k for k = 0; : : : ; n.
Conversely assume that B ∈ V0 ⊕t V1 ⊕t · · · ⊕t Vn. By eventually replacing B
with one of its subdirectly irreducible factors we may assume that B is totally ordered
and hence B =
⊕
i∈I Bi, where each Bi is a totally ordered Wajsberg hoop, I has a
minimum 0 and B0 is bounded. If |I |¿n then B |= 'n, by Lemma 4.2. Assume then
that B = B0 ⊕ · · · ⊕ Bk with k ¡n. We claim that there is no sequence s∈ SEQk for
which Bj ∈Vtsj) for j6 k. Contrariwise
B = B0 ⊕ · · · ⊕ Bk ∈Vs0 ⊕t · · · ⊕t Vsk
⊆V0 ⊕t V1 ⊕t · · · ⊕t Vn
contradicting the hypothesis. Hence, for each s∈ SEQk we can pick an is6 k with
Bis ∈ Vis , so there exists as; is ∈Bis with tsis (as; is) = 1. Since tsis (1) = 1, as; is = 1. For
j∈{0; : : : ; k} \ {is} pick any as;j ∈Bj \ {1}. We claim that +k fails in B at as;0; : : : ; ask ,
s∈ SEQk . In fact
∧k
j=0 tj(as;j)¡ 1, and
∨k
j=0 as;j ¡ 1 for any s∈ SEQk and thus vk ¡ 1
(since 1 is a join irreducible member of B). On the other hand uk clearly evaluates to 1,
by Lemma 4.1. Hence B |= +k .
This last result leads us toward a very natural question. Keeping in mind that our aim
is to axiomatize varieties generated by totally ordered BL-algebras one might wonder
in which cases the equality
(∗) V(A0 ⊕ · · · ⊕ An) = V(A0) ⊕t · · · ⊕t V(An)
holds.
Note that we know already that the equality (∗) does not hold in general. Let p be
a prime and consider the algebra Wp de9ned in Example 4.1. Then V(Wp) =WA.
On the other hand the algebra Wp ⊕Wp clearly satis9es '2 and )p;0 and so does the
variety it generates. Thus, for any prime q = p, Wq ⊕Wq ∈V(Wp) ⊕t V(Wp) but
Wq ⊕Wq ∈ V(Wp ⊕Wp).
On the other hand, the equality (∗) holds clearly in many cases. For instance it is
well known [12,1] that PA= V(2 ⊕ C!) and that the totally ordered BL-algebras in
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PA are exactly 2 and 2⊕A for a totally ordered cancellative hoop A. This implies at
once that PA=V(2)⊕t CH, i.e. V(2⊕C!) =V(2)⊕t V(C!). The next two sections
are devoted to exploring this circle of ideas.
6. The operator ISPu on totally ordered Wajsberg hoops
A rapid glance to the existing results of the same fashion as the one we are chasing
shows that a very critical point of the matter lies in the behavior of the operator ISPu
on totally ordered Wajsberg hoops. In this section we review these properties; some
results are due to other authors and credit will be given when necessary.
The radical R(A) of a Wajsberg algebra A is the intersection of all maximal 9lters
of A. It is easily shown that the radical of a Wajsberg algebra is a cancellative subhoop
of A. We say that the rank of A is n if A=R(A) is isomorphic with Wan. For every
Wajsberg algebra A of 9nite rank n, d(A) denotes the greatest k such that Wak is
embeddable into A. (That d(A) is 9nite when rank(A) is 9nite follows from [25] or
from [15]).
Lemma 6.1. The following hold:
(i) d(Cn;k) = gcd(n; k).
(ii) If h divides k, then Cn;h ∈S(Cn;k).
(iii) If d(A) does not divide d(B), then A ∈ ISPu(B).
Proof. (i) Let G be a lattice ordered abelian group and u a strong unit of G such
that A=(G; u). Then d(A) is the greatest n such that u is divisible by n in G. Now
consider A=Cn;k . If d= gcd(n; k), and p; q are such that n=p · d and k = q · d, then
(n; k) = (p; q) + · · · + (p; q)︸ ︷︷ ︸
d times
:
Therefore, (n; k) is divisible by d in Cn;k and, by the above, d = gcd(n; k)6d(Cn;k).
Conversely if d′ divides (n; k) in Cn;k , then d′ divides both n and k, therefore, d′
divides d = gcd(n; k) and thus d = d(Cn;k) = gcd(n; k).
(ii) If h divides k, say k = h ·m, and h; k¿ 0, then the map 5 de9ned by 5(i; j) =
(i; m · j) is an embedding of Cn;h into Cn;k .
(iii) If d = d(A) does not divide d(B), then the formula
∀x ∼ ((d − 1)x =@ x);
where ∼ denotes classical negation, is a universal formula which is true in B and false
in A. Since universal formulas are preserved under ISPu, the claim follows.
The following result, which appears in [16], is crucial at this point.
Theorem 6.2 (Gispert et al. [16]). Let A be a nonsimple Wajsberg chain of rank n.
Then
ISPu(A) = ISPu((Z ◦ Z; (n; d(A)))):
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As a corollary, we obtain:
Theorem 6.3. Let A be a Wajsberg chain of rank n. Then:
(i) A∈ ISPu(Wa∞n ).
(ii) Wa∞n ∈ ISPu(A) if and only if A is not simple, and n = d(A).
(iii) A∈ ISPu(Cn;k) if and only if d(A) divides gcd(n; k).
(iv) Cn;k ∈ ISPu(A) if and only if gcd(n; k) divides d(A).
(v) If A and B are non simple (i.e., having nontrivial congruences) Wajsberg chains
of rank n, then A∈ ISPu(B) if and only if d(A) divides d(B).
Proof. (i) If A is simple, then A = Wan, and the claim is trivial. Otherwise, let k =
d(A). By Theorem 6.2, A∈ ISPu(Cn;k). By Lemma 6.1(ii), Cn;k ∈S(Cn;k·n). Moreover,
d(Wa∞n ) = d(Cn;k·n) = gcd(n; k · n) = n, therefore, by Theorem 6.2, A∈ ISPu(Cn;k·n) =
ISPu(Wa∞n ).
(ii) If A is simple and has 9nite rank, then A is 9nite, and so are all algebras
in ISPu(A); thus Wa∞n ∈ ISPu(A). If A is not simple, and d(A) = n, then by
Theorem 6.2, ISPu(A)=ISPu(Cn;n)=ISPu(Wa∞n ). Otherwise, n=d(Wa
∞
n ) would not
divide d(A) and therefore, by Lemma 6.1, Wa∞n ∈ ISPu(A).
(iii) By Lemma 6.1(iii), if d(A) does not divide d(Cn;k) = gcd(n; k), then A ∈
ISPu(Cn;k). Otherwise, by Theorem 6.2, and by Lemma 6.1(ii),
A∈ ISPu(A) = ISPu(Cn;d(A)) ⊆ ISPu(Cn;gcd(n;k)):
(iv) If d(Cn;k) = gcd(n; k) does not divide d(A), then by Lemma 6.1(iii), Cn;k ∈
ISPu(A). Otherwise,
ISPu(Cn;k) = ISPu(Cn;gcd(n;k)) ⊆ ISPu(Cn;d(A)) = ISPu(A)
and the claim follows.
(v) Again, if d(A) does not divide d(B), then A ∈ ISPu(B). Otherwise, again by
Theorem 6.2 and by Lemma 6.1(ii),
A∈ ISPu(Cn;d(A)) ⊆ ISPu(Cn;d(B)) = ISPu(B):
The next result appears implicitly in [14] and it is based on the fact that the variety
of cancellative hoops is generated as a quasivariety by C!; we give the simple proof
for the reader’s sake.
Theorem 6.4. If A is a nontrivial totally ordered cancellative hoop, then ISPu(A) =
ISPu(C!).
Proof. It is well known that any algebra is embeddable in an ultraproduct of its 9nitely
generated subalgebras. Now in [14], Lemma 4.9, it is shown that any 9nitely generated
linearly ordered cancellative hoop is in ISPu(C!). The proof is based on two facts: 9rst
of all, every linearly ordered cancellative hoop is the positive cone of a linearly ordered
abelian group, which is 9nitely generated if the cancellative hoop is 9nitely generated;
second, every 9nitely generated linearly ordered abelian group is in ISPu(Z).
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It follows that if F denotes the class of 9nitely generated subalgebras of A, then
A∈ ISPuF ⊆ ISPu(C!):
Conversely, it is easily seen that any nontrivial totally ordered cancellative hoop con-
tains a subalgebra isomorphic with C!. It follows that
ISPu(A) = ISPu(C!)
and hence the thesis.
The last result we need is implicitly contained in [15].
Theorem 6.5. If A and B are Wajsberg chains of in5nite rank and for each n, Wan
embeds in A if and only if Wan embeds in B, then ISPu(A) = ISPu(B).
Corollary 6.6. Let A be a linearly ordered Wajsberg hoop. Then:
1. If A is cancellative, then ISPu(A) consists of all linearly ordered cancellative
hoops.
2. If A is a Wajsberg chain of in5nite rank, then ISPu(A) consists of all Wajsberg
chains B such that for every n, if Wan embeds into B, then it embeds into A.
Proof. Claim 1. is an obvious consequence of Theorem 6.4. For 2., let B∈ ISPu(A).
Clearly B is linearly ordered, and, since the nonembeddability of Wan can be expressed
by a universal formula, if Wan embeds into B, then it also embeds into A. For the
converse, we distinguish several cases:
(i) If B is 9nite, then B = Wan for some n and the claim is trivial.
(ii) For every n¿ 1, say that 1=n is in B if there is a (necessarily unique) a∈B such
that (n− 1)a=@a. Such a will be identi9ed with 1=n, and for k6 n, ka will be
identi9ed with k=n. Thus, it makes sense to say that a rational number belongs to
B. Now if B is a Wajsberg chain of in9nite rank, let X be the set of rationals in
A and Y be the set of rationals in B. Let also a be an irrational in [0; 1] and AX;a,
AY;a be the subalgebras of [0; 1] generated by X ∪ {a} and Y ∪ {a}, respectively.
It is evident that AY;a ∈S(AX;a) and moreover by Theorem 6.5
ISPu(B) = ISPu(AY;a) ⊆ ISPu(AX;a) = ISPu(A):
(iii) If B is a nonsimple Wajsberg chain of 9nite rank n, then d(B) is 9nite, k say,
and divides n. By Theorem 6.3, B∈ ISPu(Cn;k). Now for every positive m, Cn;k
embeds in Cm·n;k (by the embedding 5 de9ned by 5(i; j) = (m · i; j)), and hence
it embeds in any ultraproduct of {Cm·n;k : m∈N \ {0}} modulo a nonprincipal
ultra9lter. Let H be such an ultraproduct. Then H has in9nite rank, B embeds in
H, and for every r, War is a subalgebra of H if and only if r divides k. By (ii),
H∈ ISPu(A), hence B∈ ISPu(A).
(iv) If B is a cancellative hoop, then it is a subalgebra of a Wajsberg chain of rank 1.
Since the only 9nite Wajsberg chain that embeds into a Wajsberg chain of rank 1
is Wa1, the claim follows from (iii).
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7. Varieties generated by chains
Let us introduce some notation. If O is an operator on classes of algebras such that
for any class K is O(K) ⊆ V(K), and A0; : : : ;An are hoops, then
⊕n
i=0 O(Ai) will
denote the class {⊕ni=0 Bi: Bi ∈O(Ai)}.
Lemma 7.1. If A1; : : : ;An are totally ordered Wajsberg hoops and A0 is a Wajsberg
algebra, then:
ISPu
(
n⊕
i=0
Ai
)
= I
(
n⊕
i=0
SPu(Ai)
)
:
Proof. The left-to-right inclusion is a straight consequence of Proposition 3.1 and
Corollary 3.4: for the other we induct on n. If n=0 there is nothing to prove. Let then
n¿ 0 and let Bi ∈SPu(Ai) for i = 0; : : : ; n. If C = A0 ⊕ · · · ⊕An−1, then by induction
hypothesis B1 ⊕ · · · ⊕ Bn−1 ∈ ISPu(C). Let CI =U be the ultrapower of C in which
B0 ⊕ · · · ⊕ Bn−1 embeds. Then it is readily seen that B0 ⊕ · · · ⊕ Bn−1 ⊕ Bn embeds
into (C ⊕ Bn)I =U . On the other hand, if AJn =V is the ultrapower of An in which Bn
embeds, by the same token C⊕ Bn embeds into (C⊕ An)J =V . Thus,
B0 ⊕ · · · ⊕ Bn ∈ ISPu(SPu(A0 ⊕ · · · ⊕ An)) ⊆ ISPu
(
n⊕
i=0
Ai
)
:
Now we are ready to present an example of a non9nitely-based variety generated by
an in9nite chain.
Example 7.2. For m¿ 2 let us consider the identity
()m;0) ((x → y) → y) · ((m − 1)y ↔ (y → y3))6 x ∨ y:
Let X be any in9nite but not co9nite set of primes and let 7X = {)p;0: p∈X }∪ {'2}.
Let also VX be the variety of BL-algebras axiomatized by 7X . Inspection of the
proof of Lemma 4.7 shows that the totally ordered members of VX are precisely the
Wajsberg chains and the totally ordered BL-algebras of the form W⊕H, where H is
a totally ordered Wajsberg hoop and W is a Wajsberg algebra such that Wap does not
embed into W for any p∈X . Now let WX be the set of all rational numbers in [0; 1]
whose denominator is not divided by any prime in X, let WX be the subalgebra of
[0; 1] whose universe is WX and let A = WX ⊕ [0; 1]. We claim that VX is generated
by A. For the nontrivial direction it is enough to show that any subdirectly irreducible
member of VX is in HSPu(A). By Lemma 7.1 and Proposition 3.2
HSPu(A) =HSPu(WX ) ∪ (ISPu(WX ) ⊕HSPu([0; 1])):
Now WX has in9nite rank, and thus HSPu(WX ) contains each totally ordered Wajsberg
algebra. Moreover, by Corollary 6.6, ISPu(WX ) contains every totally ordered Wajs-
berg algebra W such that Wap does not embed into W for p∈X . Finally HSPu([0; 1])
contains every totally ordered Wajsberg hoop and the claim is proved.
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It remains to show that VX is not 9nitely based. To do so it is suMcient to show
that 7X is an independent set of equations over the axioms of BL-algebras plus '2.
For p∈X , let WX\p be the set of rationals in [0; 1] whose denominator is not divided
by any prime in X \ {p} and let WX\p be the subalgebra of [0; 1] whose universe is
WX\p. Then WX\p ⊕ [0; 1] is a BL-algebra which models '2 and 7X \ {)p;0} but not
7X .
Lemma 7.3. Let A be a linearly ordered Wajsberg hoop. If either Q is a subalgebra
of A, or A is cancellative, or A is 5nite, or A is a nonsimple Wajsberg algebra and
rank(A) = d(A), then every linearly ordered member of V(A) is in ISPu(A).
Proof. Since every totally ordered Wajsberg algebra is in ISPu(Q), if Q is embed-
dable into A, then every totally ordered Wajsberg algebra is in ISPu(A). Similarly,
we know that if A and B are linearly ordered cancellative hoops, then B∈ ISPu(A)
(Theorem 6.4). If A is a 9nite chain, then the only linearly ordered members of V(A)
are the subalgebras of A, that clearly are in ISPu(A). Finally, if A is a nonsimple
Wajsberg algebra of rank n, and d(A) = n, then every Wajsberg chain of rank n is in
ISPu(Wa∞n ) = ISPu(A) (Theorem 6.5).
Theorem 7.4. If A1; : : : ;An are totally ordered Wajsberg hoops and A0 is a totally
ordered Wajsberg algebra, then the following are equivalent:
1. for each i¡n either Q is embeddable in Ai, or Ai is 5nite, or i¿ 0 and Ai is
cancellative or else Ai is nonsimple and rank(Ai) = d(Ai);
2. V(A0 ⊕ · · · ⊕ An) = V(A0) ⊕t · · · ⊕t V(An).
Proof. Assume 1.; since the left-to-right inclusion in 2. is obvious we consider a
subdirectly irreducible algebra A∈V(A0)⊕t · · ·⊕tV(An). Since we are in a congruence
distributive variety we can apply J=onsson Lemma (cf. [9]) (and Propositions 3.1, 3.2
and 3.3) to conclude that A=
⊕n
i=0 Bi, where Bi is a totally ordered member of V(Ai).
We may assume without loss of generality that each Bi is nontrivial. If this is not the
case and Bi0 ; : : : ;Bik are the nontrivial summands in
⊕n
i=0 Bi, then the argument shown
here below proves that
A∈V(Ai0 ⊕ · · · ⊕ Aik ) ⊆ V(A0 ⊕ · · · ⊕ An):
Since A is subdirectly irreducible, Bn is in turn subdirectly irreducible (cf. [3]), hence,
Bn ∈HSPu(An), again by J=onsson lemma; next by Lemma 7.3 Bi ∈ ISPu(Ai) for i¡n.
In conclusion
A∈
n−1⊕
i=0
ISPu(Ai) ⊕HSPu(An) ⊆ HSPu
(
n⊕
i=0
Ai
)
⊆ V(A0 ⊕ · · · ⊕ An);
where the crucial inclusion holds because of Lemma 7.1.
Conversely, suppose that for some i¡n, Ai does not satisfy the hypotheses in 1.
Then either Ai is a nonsimple Wajsberg algebra of 9nite rank such that d(Ai)¡
rank(Ai), or Ai is a Wajsberg algebra of in9nite rank such that Q does not embed
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in Ai. In this case we can express this by means of an equation, ) say, which holds in
every member of V(A0 ⊕ · · · ⊕ An), but not in every subdirectly irreducible member
of V(A0) ⊕t · · · ⊕t V(An). Indeed, let B be obtained from
⊕n
i=0 (Ai) by replacing Ai
with Wa∞k if Ai is a nonsimple Wajsberg algebra of rank k such that d(Ai) = k, and
by Q if Ai has in9nite rank and Q does not embed in Ai. Then ) does not hold in B,
and B∈V(A0) ⊕t · · · ⊕t V(An).
In Theorem 7.4 we have made no assumption on the algebra An, the last summand
of
⊕n
i=0 Ai. Just looking at the proof one may guess that, in case we extend our
assumption to An, then we can dispose of homomorphic images altogether. We will
show that this is true in a fashion, but before we need to observe the following easy
fact.
Proposition 7.5. Let V be a variety of basic hoops, and let K ⊆V. If each totally
ordered member of V belongs to ISPu(K), then V=ISSPu(K), i.e. V is generated
by K as a quasivariety.
Proof. Each member of V is a subdirect product of totally ordered hoops; hence, we
have
V ⊆ ISPu(Vt) ⊆ ISPSPu(K) = ISPPu(K) ⊆V:
Theorem 7.6. If A1; : : : ;An are totally ordered Wajsberg hoops and A0 is a totally
ordered Wajsberg algebra, then the following are equivalent:
1. for each i6 n either Q is embeddable in Ai, or Ai is 5nite, or i¿ 0 and Ai is
cancellative or else Ai is nonsimple and rank(Ai) = d(Ai);
2. ISPPu(A0 ⊕ · · · ⊕ An) = V(A0) ⊕t · · · ⊕t V(An).
Proof. Assume 1. By Proposition 7.5 it is suMcient to prove that every totally ordered
element of V(A0)⊕t · · · ⊕t V(An) is in ISPu(A0 ⊕ · · · ⊕An). Thus let A∈ (V(A0)⊕t
· · ·⊕t V(An))t. We can argue as in Theorem 7.4 to conclude that A=
⊕n
i=0 Bi, where
Bi is a totally ordered element of V(Ai). By Lemma 7.3, Bi ∈ ISPu(Ai). Hence by
Lemma 7.1, A∈ I (⊕ni=0 SPu(Ai)) = ISPu(⊕ni=0 Ai).
Conversely if 1. fails, then there is a j6 n such that either Aj is a Wajsberg algebra
of 9nite rank and d(Aj)¡rank(Aj), or Aj is a Wajsberg algebra of in9nite rank and
Q does not embed in it.
Now if j¡n, then by Theorem 7.4
ISPPu
(
n⊕
i=0
Ai
)
⊆ V
(
n⊕
i=0
Ai
)
⊂ V(A0) ⊕t · · · ⊕t V(Ai):
If j = n, there is a subdirectly irreducible member W of V(Aj) (namely, Wa∞k if
rank(Aj) = k, or Q if Aj has in9nite rank) which is not in HSPu(Aj). Then replacing
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in
⊕n
i=0 Ai the Wajsberg hoop Aj by W we get a BL-algebra H in V(A0) ⊕t · · · ⊕t
V(An) but not in ISPPu(
⊕n
i=0 Ai). Indeed, since its last Wajsberg component W
is subdirectly irreducible, H is in turn subdirectly irreducible (cf. [4]). Hence, if
H∈ ISPPu(
⊕n
i=0 Ai) we would have
H∈ ISPu
(
n⊕
i=0
Ai
)
= I
(
n⊕
i=0
SPu(Ai)
)
;
which is impossible.
Hence 2. fails as well.
Note how Theorem 7.6 takes into account the counterexample we have presented at
the end of Section 5: if p; q are distinct primes, Wq ⊕Wq is a 9nite totally ordered
member of WA⊕WA, that does not satisfy )p;0 and hence cannot be in ISPu(Wp⊕
Wp). There are two more corollaries worth mentioning.
Corollary 7.7. In the hypotheses of Theorem 7.4 the variety V(A0) ⊕t · · · ⊕t V(An)
is 5nitely based.
Corollary 7.8. Let A1; : : : ;An be linearly ordered Wajsberg hoops, and let A0 be a
linearly ordered Wajsberg algebra. The following are equivalent:
1. V(
⊕n
i=0 Ai) contains all ordinal sums of n + 1 linearly ordered Wajsberg hoops
whose 5rst summand is bounded.
2. An is a Wajsberg algebra of in5nite rank, and for i¡n, Ai is a Wajsberg algebra
containing Q.
An interesting problem that is yet open is the following. Let A1; : : : ;An be linearly
ordered Wajsberg hoops, and let A0 be a linearly ordered Wajsberg algebra; under
which conditions is the variety V(
⊕n
i=0 Ai) 9nitely based? We have seen that this is
the case whenever A0; : : : ;An−1 satisfy the hypotheses of Theorem 7.4. However this
condition is not general enough. The algebra C4;2 ⊕Q does not satisfy the hypotheses
of Theorem 7.4; nevertheless it generates a variety axiomatized by '2, )4;0 and
((x → y) → y)6 x ∨ y ∨ t(y);
where t(y) = 1 is the identity characterizing the Wajsberg algebras whose rank divides
4. As a step toward the solution of this problem, we oKer a characterization of the
subdirectly irreducible members of V(
⊕n
i=0 Ai).
Theorem 7.9. Let A1; : : : ;An be linearly ordered Wajsberg hoops, and let A0 be
a linearly ordered Wajsberg algebra. Then the subdirectly irreducible algebras in
V(
⊕n
i=0 Ai) are precisely those of the form
⊕k
i=0 Bi, where k6 n, Bi are totally
ordered Wajsberg hoops with B0 bounded, such that:
(a) If i = k and Ai is a Wajsberg algebra of in5nite rank, then Bi is a subdirectly
irreducible Wajsberg hoop.
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(b) If i¡ k and Ai is a Wajsberg algebra of in5nite rank, then Bi is a Wajsberg
chain such that for every h, if Wah embeds into Bi, then Wah also embeds into
Ai, or else i¿ 0 and Bi is a cancellative hoop.
(c) If i=k, and Ak has rank n, then Bi is either a subdirectly irreducible cancellative
hoop, or a subdirectly irreducible Wajsberg algebra whose rank divides k.
(d) If i¡ k and Ai is a nonsimple Wajsberg algebra of rank k, then Bi is a totally
ordered Wajsberg algebra whose rank divides k, and such that d(Bi) divides
d(Ai), or else i¿ 0 and Bi is a cancellative hoop.
(e) If i6 k and Ai is a cancellative hoop, then Bi is a totally ordered cancellative
hoop, and if i = k, then Bi is subdirectly irreducible.
(f) If i6 k, and Ai is a 5nite Wajsberg chain, then Bi is a 5nite Wajsberg chain
whose order divides the order of Ai.
(g) If
⊕k
i=0 Bi is nontrivial, then Bk is nontrivial and B0 is nontrivial (possibly,
k = 0).
Proof. We have already seen that every subdirectly irreducible member of V(
⊕n
i=0 Ai)
is a member of
HSPu
(
n⊕
i=0
Ai
)
=HSPu(A0) ∪
n⋃
k=1
(
k−1⊕
i=0
ISPu(Ai) ⊕HSPu(Ak)
)
:
The conclusion follows from the following facts:
(a) and (b). If Ai has in9nite rank, then HSPu(Ai) consists of all totally ordered
Wajsberg hoops, and HSPu(Ai) consists of all linearly ordered Wajsberg hoops
B such that for all h, if Wah embeds into B, then it also embeds into Ai.
(c) and (d). If Ak has 9nite rank r and is not simple, then HSPu(Ak) consists of all
totally ordered cancellative hoops and of all Wajsberg chains whose rank divides
rank(Ak). Moreover, ISPu(Ai) consists of all totally ordered cancellative hoops
and of all totally ordered Wajsberg hoops B whose rank divides rank(Ai) and
such that d(B) divides d(Ai).
(e) If i¿ 0 and Ai is a totally ordered cancellative hoop, then both ISPu(Ai) and
HSPu(Ai) consist of all linearly ordered cancellative hoops.
(f) If Ai is a 9nite Wajsberg chain, then both HSPu(Ai) and ISPu(Ai) consist of all
9nite Wajsberg chains whose order divides the order of Ai.
(g) Trivial.
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